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Abstract
Exact results of a mixed spin-1/2 and spin-1 Ising-Heisenberg diamond
chain are obtained applying a generalized decoration-iteration transforma-
tion. Depending on the values of external field, exchange parameters and
anisotropy there exist six different phases in the ground state of the sys-
tem. The magnetic order of these phases is briefly described in this work.
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During last two decades low-dimensinal magnetic materials have become
important subject in the research of magnetism. Among systems exhibiting
interesting quantum magnetic phenomena one should mention those having a
diamond-chain structure that have been recently intensively studied both theo-
retically and experimentally (see [1] and references therein). In order to describe
these materials, the quantum anisotropic Heisenberg model has been frequently
adopted. Though this model proves to be very useful, it brings mathematical
complexities preventing one to obtain exact results even for 1D systems. For
this reason, the main purpose of this work is to introduce a simplified version
of the Heisenberg model which is exactly solvable for the diamond chain. We
will investigate here the diamond chain consisting of Ising- (gray circles) and
Heisenberg-type atoms (black circles), as it is depicted in Fig. 1. In order to ob-
tain exact expression for the partition function of the model, we express the total
Hamiltonian Hˆ as a sum of the bond Hamiltonians, i.e. Hˆ = ∑Nk=1 Hˆk, where
N denotes the total number of the Ising-type atoms and the bond Hamiltonian
Hˆk is given by (see Fig. 1.)
Hˆk = J1(Sˆzk1 + Sˆzk2)(µˆzk1 + µˆzk2)
+ J2
[
∆(Sˆxk1Sˆ
x
k2 + Sˆ
y
k1Sˆ
y
k2) + Sˆ
z
k1Sˆ
z
k2
]
− HA(µˆzk1 + µˆzk2)/2−HB(Sˆzk1 + Sˆzk2) (1)
In this equation, Sˆγkα and µˆ
z
kα (γ = x, y, z; α = 1, 2) represent relevant compo-
nents of the standard spin-1 and spin-1/2 operators, respectively, the exchange
interaction J1 couples the nearest-neighbouring Ising and Heisenberg atoms,
J2 couples nearest-neighbouring Heisenberg pairs and ∆ represents the XXZ
anisotropy parameter. Finally, the terms including HA nad HB describe inter-
actions of relevant atoms with an external magnetic field. Next, introducing
a generalized decoration-iteration transformation [2, 3] and utilizing the com-
mutability of the bond Hamiltonians, we easily find the following relation
Z(β, J1, J2,∆, HA, HB) = ANZ0(β,R,H0), (2)
1
where Z represents the partition function of our model and Z0 is the well-known
partition function of a simple spin-1/2 Ising linear chain and β = 1/(kBT ). For
unknown transformation parameters A, R and H0, we obtain relatively simple
expressions [2, 3]:
A4 = (W0 +W1)(W0 +W2)(W0 +W3)
2 (3)
βR = ln
(W0 +W1)(W0 +W2)
(W0 +W3)2
(4)
βH0 = βHA − ln (W0 +W1) + ln (W0 +W2) (5)
W0 = exp(t2) + f(t2/2, a, 0, 0)− 4 (6)
W1 = f(−t2, 2t1 + 2hB, t1 + hB, t2∆) (7)
W2 = f(−t2, 2t1 − 2hB, t1 − hB, t2∆) (8)
W3 = f(−t2, 2hB, hB, t2∆) (9)
with a =
√
1 + 8∆2, t1 = βJ1, t2 = βJ2, hB = βHB, and f(x1, x2, x3, x4) =
2ex1 coshx2 +4 coshx3 coshx4. Eqs. (2)-(9) enable one to calculate all physical
quantities of interest.
In order to illustrate some interesting properties of the system, we have de-
picted the ground-state phase diagram in the J2 −H space for the case of the
antiferromagnetic isotropic model i.e., J1 > 0, J2 > 0, HA = HB = H and
∆ = 1. To describe different phases, we have calculated and analysed the re-
duced magnetization of the Ising (mzi ) and Heisenberg sublattice (m
z
h) and vari-
ous nearest-neighbour correlation functions (Cxxhh , C
zz
hh, C
zz
ih and C
zz
ii ). All these
quantities are defined in the standard way, for instance, mzi ≡ 〈µˆzkα〉, mzh ≡
〈Sˆzkα〉, Cxxhh ≡ 〈Sˆxk1Sˆxk2〉, where 〈...〉 means standard canonical average, sub-
scripts i(h) reffer to the Ising (Heisenberg) atoms and superscripts represent
spatial components of the spin. As one can see from Fig.2, there exist six differ-
ent phases separated by first-order phase transition boundaries. With the help
of above introduced quantities we can characterize these phases as follows:
Ordered phase 1 (OP1):
mzi = −1/2, mzh = 1, Czzhh = 1, Cxxhh = 0, Czzih = −1/2, Czzii = 1/4;
Ordered phase 2 (OP2):
mzi = −1/2, mzh = 1/2, Czzhh = 0, Cxxhh = −1/2, Czzih = −1/4, Czzii = 1/4;
Ordered phase 3 (OP3):
mzi = 1/2, m
z
h = 0, C
zz
hh = −2/3, Cxxhh = −2/3, Czzih = 0, Czzii = 1/4;
Ordered phase 4 (OP4):
mzi = 1/2, m
z
h = 1/2, C
zz
hh = 0, C
xx
hh = −1/2, Czzih = 1/4, Czzii = 1/4;
Saturated paramagnetic phase (SP):
mzi = 1/2, m
z
h = 1, C
zz
hh = 1, C
xx
hh = 0, C
zz
ih = 1/4, C
zz
ii = 1/4;
Frustrated phase (FP):
mzi = 0, m
z
h = 0, C
zz
hh = −2/3, Cxxhh = −2/3, Czzih = 0, Czzii = 0.
As one can see the OP1 and SP represent standard phases that are usually ob-
served also in the pure Ising models. On the other hand, the remaining four
phases exhibit apparently a nontrivial spin ordering related to strong quantum
fluctuations in the system. Due to this effect magnetic properties of the OP2
2
and OP4 can be explained within the valence-bond-solid picture as suggested in
[4]. Moreover, the stepwise magnetization curves exhibit plateaux at relevant
ordered phases OP1, OP2, OP3 or OP4. In addition to the above mentioned
phases, there appears for H/J = 0 and J2 > J1 an interesting frustrated phase
(FP) having the nonzero entropy, namely, S/NkB = ln 2. Even without present-
ing further details here, it is clear that the system under consideration is very
interesting and it will exhibit nontrivial properties also at finite temperatures.
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FIGURE CAPTIONS:
Fig.1: Part of the of the mixed-spin diamond chain. Gray circles represent
spin-1/2 Ising atoms and black ones spin-1 Heisenberg atoms. The ellipse de-
marcates kth bond (see text)
Fig.2: Ground-state phase diagram of the Ising-Heisenberg diamond chain in
the J2 − H space. OP1, OP2, OP3, OP4, SP and FP denote different phases
described in the text
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